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AIK$TRACT
A numerical i~lvcstigatio~l  is carried out to analyze tl)c  effects of the outer bounc]ary
conditions 011 the. viscous i])stability  of accrctio)l  discs. A o]lc-dimcasiona]  I)olytro])ic
time  clcpcndcnt  calculations of gcolIlctrically  Lhirl  accrctio]l  discs is used. WhcrI  the
o u t e r  bour)dary is rcflcctivc,  oscillatio~m  arc trar)~ml  bctwccm  tlIc outer  tmuocfary  a~lcl
t]]c outer  edge of tlic il)])er  cvancscmlt  rcgioll.  W’lICII the outer bouadary  is ~[o])-reflective
the oscillations decay on a viscc)us  tirnc scale. AII analytical treatment of rlurrlcrical]y
nowrcffcctive  bour)dary ccrnditio]ls  is carriccl out for a j)olytroj)ic  flow ancl  for a gas
inc]uditig  raciiatioli.

Kcy words: accrctioll,  a c c r e t i o n  cliscs  w a v e s  -  ~nctllods:  nurncrica]  - bi~larics:  close
- stars: oscillatiolls.

1 lN’J’lt(~l  )lJCJ’ION

Kalo (1978) aIIrf  IIlumc]dhll Yal}g  &  l,i~l (1984)  (see .4s0
Carroll  CL al. 1985 a n d  t}lc  rcfrmllces  tllcrwio) IIavc earl  icci
ollt.  local  aualyscs  of tllc  stabili~y  of accrclio~i  dis(s.  ‘l$ } I Cy
fouucf tl,at  the alIIIIa disc model  admits radial  ],ulsatio~[al
{Illstal>lc  I cgiorls. ‘J’lIcsc  urwtablc  regions are duc to local
variatiorls  of tlIc  viscosity. ‘J’lIc  stability critcriol]  is stroIIgly
.awociat,ed  wihll  t.llc dc~>clidcjlcc  Of L}IC viscosity 011 t,l Ic dcll-
sity slid t,clu]mraturc  dur-irlg  oscillatio]ss:  oscillatio]~s a r c  cx-
cilcd  W, IICII tlIc viscosily  iocrczwcs ill  tlie  c.oIII]n  csscd  l)}[aw
i u  co~ll]mlisori  to tJIc  cx~>anc{cd  ]hsc.

A  first global  armlysis  o f  oscillatiorls  iri acc[ctioIl  cliscs
was caI I irxl out,  i>y 1 ‘apaloi7,0u aIlcl  StaIllcy  (1986), wlw usc a
l)cI]y[r oi,ic a]>}>!oxiInmt,ioIl  to study al]a]ylicali  y a!ld llur[lcr-
ically tiIc  r[lec}mliism by w}licll  ovcrstal)]c  oscillatio]ls  call
CVOIVC  arid dissi]mtc  ill accr-ctio]l  d i s c s .  Okuda  & Millcs}lige
(1991)  a~,d Okurla  ct al. ( 1 9 9 2 )  a l s o  cxan[ir,c  tlw Lilac  CVG
lutio[) of tl,c ladial  J)ulsatior,al  irlst,abilitics  foul,d  t r y  K a t o
(1978)  a,,[i  IIlurarmthal  ct al. (19&t)  ”using  a ollc-diuicrmiol,al
IIydrodyiuuuic  code irlclucling raciiatior).  ‘1’lIc IIig,ll  a[ri~)litudc
rrscillatiol)s  aj)l)car  ill tllc  n u m e r i c a l  Calculatiorm olIly ill  t}m
o u t e r  Icgioll  of L}IC d i s c  (r > 31/.).  lrl  the  inrm  part  o f
tlIc  tiisc alId  for low value of tlIc  al~,}[a viscosity ]~aramckr
(a <  1), tl,c osciliatiorw  dccreasc  d u e  t o  t}ic  ~,ro]mgatior,
]>1 orwitim  of sl)ort  wavrs.  1 lowcvcr,  wlIcrI  a N 1, the oscilla-
tion (10 riot decay if) tlIc  ilmcr  ])art  of t,lw disc. i’a],aloi~,ou
&. StalIlcy  (1986)  frrrthcrmore  sllcss  t h a t  t}Ic local  irlstabili-
tics  arc  :Iot  cx])cctccl  to appear in the outer ])art  of tl[c disc,
uIIlrw  OIIC  corwlcicrs  the dwc boundaries. OscillatioIw  arc ex-

],cckd  irl t}lc oukr ~cgio~l of tllc  clisc ol)ly if t}lc  outer boIIrIc1.
ary is  rc[lcctive  (for cxamr,lc  a f[cc  01 a rigid bouodary).
SO fal,  rio calculations were carr irxl  ou~ willi  Iloll-rcflccl,ive
l)ouridary  corditiorw,  tllc  Jwcvious aut}lors  }Iavc assurrlcd a
!{utwcrico[ly  rcffcctivc  outer bounclary  wit)lout  justifyirlg  or

. . .
SI)C{ Ifylllg lts  J)]lySICa]  Origin.  ‘1’iIc  outrx  bou[idaly  is IIUIIICI.
ically rcffcclivc  siricc the iliffow  bour]dary  corlditic)r]s  arc  iu-
lwscd  dirmclly  oa t}lc  prirllitivc  variables.  III a realistic sit-
uatio~l,  tlm bouudary  coaditiorls  arc the sJmcificatio~l of t}w
rx)llditic)lls  wllicl~  exisl o u t s i d e  tl]c  corlljJutatioIlal  clorrtairl.
‘1’IIc illflowillg c}iaractcristics  of t}lc f l o w ,  w}lic}[  ~)ro~,agatc
inward irlto LIIC cor[l[)utatiorlal  domaiu,  camy  wit}]  tlwal  t h e
conditions  Lllrougl]  tlIc  boun(iary.  ‘1’lmcforc,  tllc  bo[lrldary
col]ditic~fls }Iavc to t)c i]~l])oscd or I lIIC illflowillg cl~<aractcl-
ist.ics of tile flow,  a u d  rIol 0 1 1  t}w ~wi!llitive  varia})lc.  ‘IIIc
iol]msitiorl  o f  tl}c coliditiorw  orl tllc ir:flowirlg  [Ita]actcristics
of tllc  flow leads LO llw-rcffcctivc  lwurtdal y colditio~w.

lrl this  work, wc Jwouc IIunicrically  that  t.}mlocal  iasta-
bililics  do IIOL  a])pcar  iu t}lc outer  ])ar~  of tllc  disc,  wllcrl
a JIrolwr”  tmatnlcrlt  of norl-rcflcclrvc  bour!clary  coI]ditioIls  is
cawicd  out. WIICII  OIIC carries out,  a nurrlcrical irtvcsLigatiorl
o f  tl~c viscc)us  illsta})ility,  OIIC  IIas to  take  iato  accourlt,  that
tllc  r(mltir)g oscillations obtairwd  car} tm all  artificial result
of the w[ollg  trcatmcllt  of t}lc  bourldary  cor]ditiorls.  A ~)hys
ical mflcclivc  orrtcr bouaciary,  }Iowcvrr,  could be the  o u t e r
edge of tllc  disc wllcrc  the dcasity  droj>s (free bourwlary)j  or,
fol cxaIIIIJc,  a l,igl,  clc~mity  spiral arm, ticially excited by a
cor[lI)arliorl  star (rigid boundary).

III smtiori  2  WC prcscIk t}lc  cquatioris  arid awu[ri~)tiorls
maclc  011 the  ]Aysical  model, together with L}IC nut[lcrical
Irlet}]od. lrl scctiorl  3 wc give an arlalytical  treatrllellt  of rIOII-
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rcflcclivc  }murdary corlclitiom  for a ]Jolytroi)ic  flow. ‘J’l Ic re-
sults  arc ]mwmltcd arid discussed in scctiol]  4.

2  lN~lJATIONS  A N D  ASSUMI’lIONS

2 . 1  ltquatiolw

A  jwlytroltic  ltquatio]l  of S t a t e  i s  CMSUIUCKI.  ‘1’lm cquatiom
a r c  writLcll  ill  cylil]dl-ical Coordirlatcs  (r, ~, z), t}]cy irdudc
tlm gravity of the star and a viscous Lcrrn. ‘Jlc trcatmcllt
is o]lc-clil]lc!l]siollal  (ill r). ‘1’hc  disc al)d the boundary layer
are assu]ucd  to bc in hydrostatic cquilibriom  and gcoructri-
c.ally  thin  ill  t}Ic verLical  direction (2).  ‘1’he cquatioIis can bc
w]ittml  f o r  t h e  rr)ol[icrlta 11 =. por ald W = pu+ =- prfl  i n

(1)

1’; , (2)

(3)

‘J’}lc viscolls  folcc irl  t}lc  r.wlial  equat ion  o f  Irlotiorl  is givcrl
by

wllilc  ill  tlw azililuthal  cquatioll  of motio]l  tllc  v i s c o u s  Lc.cm
is

V is tl,( gravitatio]]al  I,otcr,tial  of t},c  sLar:

C;A4v:. - ,
,,

III gcr(clal,  OJ]C  cfcfi[lcs  ZMI average  dcl]sity  o tllrougl]  tllc
rclatiot]  ); : 211P = ~~~ p(z)dz.  llcrc tlic dcmity i s  dc-

firicd tlltougli  tllc  rclatiol[  }; =. J::,::: P(Z) L-IZ =- 20}1,,’01  ,
w}li(ll ilolds fo] a l l  /l,,,., >  1/(2).  Ilmcrtiug  X =- 2P11,,,0Z
into (1w u s u a l  vcrticaiiy  i[ltcgratcd  cquatiolls  [SCC f o r  cx-
anl]k  Savwlijc,  l’a~mloizou  and 1,il~ (1994),  for such cqua-
t,ioris]  Icads to tf!c  alxrvc SCL c)f cquatimls.  ‘] ’his is coIttl,lcLely
eqllivalc]lt  to solvir]g t,ltc  ecluatiol!s  for Ll)c Iljid-l>lalle  cclltral
qualllitics,  tlmrcforc  allowi[lg p =. p.. q’hc pressure  i s  givcll
I)y:

1 ’  = l{()’+ ’1”, (4)

wlwrc  K  i s  Llm l~olytropic  constant  ald n is tlm j)olytro~)ic
ildcx.

2.2 IIoulldary  c o n d i t i o n s

III this su}m<:tioll,  we Jmcscr,t  the I)hysical  bour!dary  co~ldi-
tiolls  wllic}l  cwl bc imr,osccl  oTt  the onc-diolclmio~lal f l o w  at
tllc  bouldalics.  If t}mc conditions  a r c  im~)osccl  dircclly  01)
t},c  ‘}mimitivc’  variables of Llie flow (p, u, am] 0), t}lc boulld-
al.r  lmco~ucs  reflective. l?)  order to ensure a non-rcflcctivc
t)oulldary,  the  r-ollditio~m  h a v e  t o  trc i~ujmcd  on  t}w i~]-
corui]lg  cllarartclisLics  of Ltw  f l o w . lr] scctiorl  3 ,  wc camy
OUL all  analytical  L1catmcllt  of l]oll-rcflccLivr  bou~ldary coli-
rfit ior,s (SCC Givoli 1991, for a review of rlor,-lcflcctivc  bouad-
aly coldiLiolw).

“1’}]c  illrlcr bourldary  of tl,c com~nrtatioria] do~l]airl  is tllc
rolatillg stellar surface (r = 1(, ) tllroug}l  wltich  mat,t,cr  flows
into  t})c sLar  at a colmtarlt  rate (M). “1’}Ic out,cr boundary of
the  comJmtatiollal  domaill  is tllc  ill]lcr  edge of the disc and
rotates at  KcJJmiarl  velocity. ‘J’lIc gas enters tl[is  trourdary
at  the saoir  I a t c  ?LS it ]cavcs throug]l  t h e  inacr  bourldary
( M ) .

2 . 3  Illitirrl  corlditiorls

SirIce tl]c cquatiolls  a r c  time dcI)crlclcllt,  itlitial  collditio]ls
},atc to bc sl)ccificd. ‘J’}ic il!itial  col]ditiolls  used  here  arc
the sul)cr},ositioll  of all  atmos~)llcrc  arid all illflowirlg  disc of
ln;LtLcI. ‘1’hc initial  Jmssurc  is givcll tilrougtl  tllc  cquatiou  o f
sLalc, ‘1’llc  irkitia]  radial ~l)or[lelltur[l  i s  obtailLccl  througli  t]~c
rrlatioll  A4 = corist.

2 .4 V i s c o s i t y  l)rcscrir)tio~l

Sirl[e  wc al c i[ltrmsted, LO study. t},c viscous il,stability  of
LIIC standard  thiri  disc model,  the  sLalidard a viscosity pM-
sclil~tio]l  i s  u s e d  fol tllc viscosi Ly law (Sllakura & Sul]yacv
] 973)

‘l$Iw s~mtial  dc]mldcrm  o f  L}]c cqoatiorw  i s  tlcatcd  wit}[  a
~;l]cbyslwv rl,ctf,od  of collocation, (Got, tlicb  & ors Y,ag 1977,
Voi~,L,  COi,Llicb k ]lussair,i  1984,  Car,uto  CL a l .  1 9 8 8 ) ,  w},ilc
all  cxJ}!ici L fouclll  order ]{urg,c  }{utta  rllctllod  is used for the
tiru{  dc}m)dm)cc  o f  t]ic  cquaLio~ls.  ‘J’}Ic Chcl@Iev  sI)ccLra]
IIictlmd was  dcsmibcd  irl C]odol), ltcgcv &  Sl,aviv  (1995)
slid  CJOCIC,II  (  1995).  ‘J’lIc  C} Icbys}Jev rl[et]bcf  is4a~,proI,riatc
fc,l rlorl-]wriodic boui]dary  ccnlditiorLs  ar)cl  the  rcj,artitioll  o f
the glid ~)oints is l)ig}lcr  at  the I,ourldarics.

11, LIW J,rcscllt  work, Ll]c  ruetliocf  is irul,rovccl  such that
t h e  gi id s~mcillg is Ax x 1 /N2  at t})c irlrlcl houl]dary  arid
A,: :: 1 /AT at tl,c outei tmu,,dary  (}{0s101[ & ‘1>1-l>mr  1 993).

‘1’lw Ctwl>yslwv  rlwtlmd is fultflcl  im~)leolmltcd by t}lc u s c
of l“a~t  I“ou[icl  ‘1’ralwforlll  and slmctral  filters.

Wl,eiI  }lyJ)rxl)olir  cquatioI,s  arc SOIWCI  l,ur[lc[ically,  ilmLabi-
itics  frcqucllt]y  a~)I)car, d u e  Lo t}lc  it Icomect  Lrwat.mcxjt  of
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tllc  Imuldary  condilicms  (Got.tlicb,  GunzburgcI k, “Judd
1 9 8 2 ) .  MorcovcI,  ill  sonic CXL$CS)  t}m irtcorlccL  trwatmrv)ts of
Ilw tmuldary colditicrl]s,  cvclI if stab]c, c a n  i[ltroclucc  addi-
Lio~lal )~criodic  con]~~one]]ts  to the solutio~l  (Al,arl,allcl  ct al.
1991  ). ltor L}IC Lrcamcnt  o f  L}IC bou~vdary col]ditious  a t  all
oIwit  bour)dary,  tlm full Navicr-Stokes r.quatiolls  cau bc COIE
sidcrcd  m almost  l~yJJcrbolic, since the effect of Lhc viscosity
is Iwgligil)lc  there, wtlilc at a rigid boutldary  the viscous ef-
fects  ar’c ctomir,ant . in order Lo avoid irmtabiliLim ar,d addi-
Limlal  I>criodic  p}wnon;crla,  O]IC ha~ Lo impose t}w bourdary
colditiolw 0]1 tllc  incoming  c}lar’actcristic  var’iabtcs r a t h e r
tharl 0]) t}w natul  al variablcm.  ‘1’hc  princip]c  is to propagate
t}ic  flow irw’ariants  along  Lhc cliar iictcristic  lines through the
I,ou[ldary.  l’or onc dimensional problcrns  t}lc  flow iuvariants
of t}Ic Kulcr  cqoatiolw  a] e the Ricmaur!  invariants. ‘I>hc I{ic-
r[)al]n  i[lvariar]ts  arc divided into those Iwopagatil]g  out of
L}lc cloluairl  of com]mtation  and ti]osc  car-ricd  into it. IL is
Llwrcfofc,  rcquirccl  Lo lmvidc  boundary conditiorls  for the
inflow,  varialllcs,  wllitc t}lc  outflow variables arc dctcrmirjcd
l,y tlwir  calculated values along  Lhc characteristic lines.

‘1’lmrefo~  c, tlm Lr’catmcrlt of Lhc outer’ boundary  is car-
ried out ill L}IC foik>witlg malmcr.  k;quations  (I-4) arc ~cwrit-
t CJI as an l!oluogclmous  hyJm-bolic  system:

{

?;: .1 ~,r !;,+  z (),

fjP =. o (6)~)~ .1 p @,r + v, 71, ,

!:: ./ ~,r $!:. +  ; $JJ =- o.

h4iikir,g  usc of tlw relation J’ =-- lfp~  (~ =. I + I/n), allct  tt,c
sound SIKWCI c? : -y I’fp, w c  firld:

[

:;? + t), ::: ,. (),

-7 f’~, + ~,PY:
~- 1 0( +  ;:fi ur~: . 0, (7)

( 2.. e% ~ (Jf“: 4 ur~: + es;_,  &h .

Addir,g al,d sulAracLirjg the last t w o  e q u a t i o n s  lcarls t o
al] }wulogmwous  lly}mbotic  systcm  f o r  t h e  cl)aractcristics
(cigcl,vcxiors)  of L}w flow:

(
[:( -1 ,Jl:] ,J@ 0, (1)

{[ o -1 (U r -! c.): ] (Ur -1 %lc=) = o,-01 ( I I ) (8)

\ [~t ‘1 (L)r  - ~s)$]  (~, - z,i~s)  = ‘I (~~~)

~, I,C.le  V,, t)r -I C~ and u, – c~ are L}IC cigc~lvalucs a s s o c i a t e d
with tlm cig,crm’cctors  (cllaratcritics)  rr4 (1),  v, + 2nc. (11),
ar,d V. - 2nc, (111)  rcspcctivcty.  W%cn Lhc f l o w  i s  subsor,ic,
t~!c fasl outflow cllalactcristics  at tllc  outer  radial bo~lrldary
r z ]{0 is (If), w],ilc  t}w  fa~t jriflow  characterist ic  is  011).
‘1’1][ s l o w  charactmistics  (J),; is,!incoruirlg  wlm]  u ,  <  0
ald outgoing  w}]cr]  WI > 0. (When tllc  flow is su~)crsorlic
all Ll]c qualltitirx  (1))(11),(111)  am illcornirig  f o r  rlcga(ivc  ~a-
dial vc]ocity  ard cmtgcring  f o r  J)ositivc  radial  vc]ocity).  ‘1’lw
l~oul)dary  co]]ditio]ls  arc {he:] in~~>oscd  on L}m flow clmractrc.
ist,ics  in tile  fotlowirjg mmll]cr:  exact values fronl  outside tile
bourdary arc  irll~mcd  cm the inflow variables, w}]ile  values
ot)tai)md from t}lc  CCrlllJ)ULatiO1l  at the boundary arc inlImcd
0)1 t~kc cmt,flow  valia~dcs. h’or u, l~osil.  ivc  (aTld  subsw!ic)  OIIC
SOIVCS t}]c  systcm
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(1) = (1).
( 1 / )  : (I]). (9)
(Ill) = (Ill)e,

wljilc fol ~mgativc  u, (ard  su~mnlic)  CITN2 so lves  tlm s y s t e m

(1)=  ( I )e

(11)  =- (11). (lo)
011)= (111)..

‘1’}w exact values (t},c s tandard  t~lin Kcplcrial,  ciisc moclcl)
a r c  dcrlotcd  by c and the v a l u e s  cornputcd  a t  t h e  o u t e r
bolrndal-y arc denoted by c. ~’his systcm  of equations is then
solved for t}lc  depcnckut  variables p, u,, U@. ‘I’i Ic solution for
U@ is trivial,  w}lilc  the solutions for w and p can bc consid-
rx d a~ a rcclificatiorl  of (tic bouudary conditiorm  imposed

,
(11)

ald Au, =. (t),)~ -  (u, )C, Ac~ = (c~)~ —  (c~)~. ‘J’hc tcrlils  irl
L],c squarrcd  brackets (cq.1 1 ) arc t}lc rectification Lcrvus.  ‘J’l)c
val(]cs  Lakcrl  by L}lC ~)]i[nitivc  varial~lcs  at tllc  OIWII  l~oulda~y
ar c not csiwcially  equal to tlm values  inlprmd  there. lrl fact
LIIC al>ovc  cquatimw  allow  t}lc  varial~lcs  t o  L a k e  tlm values
wllicll  lwopagat,c Lhrougll  the opcr]  bouiidaly.  As tllc  solutiml

alv)roa~llcs  s~cady  s t a t e ,  t~lc r~ctificatio]ls  tc~ms t~ccolllcs
rlcgligildc,  and the priuiitivc  variab]cs  take  LIIC values w}jic}l
are ilnJ)oscd  at t}lc  I)ourldar.y  (this is Lruc  wllcrl  Lltc imposcxl
v.lII]c is tllc  steady  state  solutiml  or a good al)~>mxin~atiorl
Lo it).

‘J’}!is l~arLicu]ar  Lrcatlncllt  o f  t}!c  l)ourldary  col)ditiorls
l,as  t h e  advarltagc  o f  avoidirlg  lmmcrical  irwtabilitics  orig-
illntirlg floln  t}w bouldary  ald it assures  n o r l - r e f l e c t i n g
I]ourdary  co][ditiorm.

I IOWCVCI,  t}lc trcatracl,t  carrird  oul  here  for a l,olylro~,ic
flow car)l)ot bc carried OU1  for a mo]c  realistic flcnv.  III LIIC
AJ)~wlldix,  wc calfy  out al! ar]i)roxilllatc  Lrcatlrirxlt ( a  lirl -
rari~atior]  of tllc  equations) for a flow with atl  Ccplatioll  of
:.t,iit~  of L}ic  for l!t  IJ = %?p~’///  + a~d /3. ‘J’iic cqll,aLiolls  also
illclurfc Lhc crmrgy  cquatiosi.

.4

4 I{lHIJ1,’I’S  ANII I I I S C U S S 1 O N S

lrl tllc wo]k }msmltcd  }Icm, wc calculate rllairlly  two lILOCI.
CIS. ‘1’llc  models arc exactly tllc  same cxcc})t  for the oulcr
I)ollr,dary  co[iclilio,,s. IIt ltlodcl  1 wc il]]j)osc  IIol, -mflcclivc
bour,dary  conditions at Ltw outer bourldary,  w},ilc in II,odcl
2  UC ia!lmsc  Icflcctivc  boundary  collrtitiorls.

lrj  tllc  two laodcls  r), = v, n = 3 ard 1{ is cl]oscrl
SIICII Lllat  (lI/r) = 0.02 at  t,l)c outer  bou[]dary.  If wc dcfirlc
t : n / r  = c8/rQ}c,  tl,crl tllc  ~)olylro])ic cOIlstant  earl  bc
wIiLLell
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k’igllr~>  ] . ‘]’tlc  h!ac~I Iitlrl]bcr vr/c. is s~iowu a~ a furlclio[t of Ll!e
rwli~ls t/ii*  fol II Iodcl 1.  ],;ig}lt saaps}]ots arc t.akc[l  at di[fcrcilt
Lilr]cs  to S}IOW lIOW tlIc r]]odcl r e l a x e s  itl tltc il]]wr parl of LIIC
disc. Ilcrc tlIe outer no]l-reflective bouudmy l,WS bcea Placcci  at
r : 21{.. ‘1’lIe irli~ifil  i>crlurbatioa (due to Lhc initial co~[cfiliorl
wllicli is oIIiy a gums of t}Ic soiution) propagates ootward and
cxils tile outer bourl[iai-y witiioul al, y rcfir. ctioa or Osciila  Liorls.

(12)

wllcrc  Z. =– /2nrc  aorl pO is t,}lc  mid-~~lalw  vzcluc  of tlic dcJl-
sity (sex for cxarrl]~lc  IJar)aloip,ou  & Staljley  1986,  lhlovatyi-
KogaIi  1 9 9 3 ) .  ‘J’lIc  x]ulnlmr  of gr id  poiuk  is N == 256.  ‘1’},c
{)r]it  of lrnigt,ll  is 1/, alicl  the ulli(  of t,imc is fl;c’ (It. ). Silm
wc wc IiOt irltcrcsk~cl  p Soivc  ~for  t}lc:  slr~ict[lrc  of LIIC bcm Td-
tll y ]aycl,  boL I’a(]lc1  fol t]ic’ oSCilkd,  iO1l  S ill  t}lc  OUt C1’ I)ar L Of
(tic disc,  wc cltoosc  fl, =- ().98QK  for rlunlcrical  corlvclliclicc
(SW bciow).  i,, botl, l,,o,icis 0:-. o . ] .

After a fcw dyllar,lic  t imes (fl;] (}/.)) t,l,c nlodcls  al-
Jcady  aI)Jnwzic}I  steady sLaLc, ]Iowcvcr t~icir  evolution is fo)-
Iowrcd o]t a viscous Li[llc scale. ]1’or this I)arlicu]ar  value of
Llm  viscwsily  i>aramcLcr (cr == 0.1)  Lhc viscous irwLabi]ity  dots
Iiot ilducc  oscillatiolts  ir] tl]c  ill~icr  part  of tlic  d i s c  a~ld  t,llc
J adial il]fall  vc]ocily  s t a y s  ?.Illwor]ic  (} ’apaloizou  & Stall]cy
]\JSG, S(.C a]so ]>ac~,yfiski  ] 991). h40rcovcr,  silmc at L}IC illr)cr

l)o~]lldary  tllc  stcllat  surface rot,atcs  at a rate  G2, == 0.98 f21<,
LIIC iilller  ImI L of L])c clisc  i s  sustai!lcd  b y  Lllc cc[krifoga]
fo]cc, al]d tlw I adiid  iIifdl vc]ocity  ill  tllc  bour]dary  layc]  i s
II(JL ]I)(]c}i  diffemlt  L]lau  irr Lltc outer  clisc.  ‘1’llis  situatio~l i s
c]oitc ciiffcrcrlt frcr]ll  LIIC cmc in which the  a n g u l a r  vc]ocity
clrolM  irl L]ic booltcfaly  layer  a~]d L})c  irrrlc]  ])arL  of t}le d i s c
i s  sustaiucci  b y  t}w ]mssurc  force  only.  ]n L]lis  latter c-ax
t}le mclial  il]fall  velocity ill  tt]c boundary layc[  is very large.
WC a.wuracd  L]lat  at L}JC outer  slcllar  c]IvcIol~ Q. =- 0.98  flA-

1

05

0

1~’i[;Iiro 2. ‘I’i Ic hfac}l  r]ut!ll}cr is siIowrI as a fuIlcLioI1  of t}Ic raciius
fur niodci I (Icft) a]ld 2 (right). Six sr,ai)sllots arc taken at di[rcr-
cllt til[lcs to s}Iow, ttlc cvoiutiou of II IO CICIS WI a viscous t,imc scaic.
III t}, is case tl,c outer Lourldary lIas bccII  piaccd at r = s]t,.

irl (J]dcr to avcjid  tc)  deal  wittl  LIIC IIulrlerical cIifliculLics  o f  a
larl;c  gradicrlt  o f  Ll)e vc]ocity  ir[  Llic illllc!r  ]EWL  o f  tllc clisc.
‘J’tlis c:xjktilw  W}Ly  ill  lmtl) niodcls  t}lc  hfac}l  ]Iurrlcr  ill  tllc
irl[mr  ImI L of Ll)c  disc is riot niucli dificvcnt tllarl ir) tile  Icst
of ti]c disc. ‘J’}lis }Ias I1O effect 011 tllc  rcsu]Ls  irl tllc  outer ~)art
of the disc arid is somewhat cquivalcat  to so]virlg for a disc
wiL}lc)ut  ]]],,  awwrui!)g  for cxall\Idc  ~fl/8r  = O at r =-- 1?*.

III tl)c illrlcr ~,arl  of t]w disc, oscillatiorls  duc t,o tllc  xc-
Iaxatioll  of i~]c  Irroc]c]s  ],ro~,agatc  o u t w a r d  atld ckxay  witl}
ti]llc.  lri f i g u r e  1  wc S}1OW  tllc  cvolut,ioxi  o f  ]Ilodcl 1 fol
t <  1 0 0 .  1,’01 Lllis  ~mrlic{llar case  V.,C }Iavc  l~laced t}Ic outer
I)ou!ldary  at  ltOU,  = 2]i,. ‘J’i)c o s c i l l a t i o n s  cxi L t}lc  o u t e r
boul idaTy  w i t h o u t  },cirlg reflcctcc].  ‘1’}Ic  IIurrjcrical SC-lICIIIC  is
vcly  stal)lc  a]ld IIO il}stal~iiity al>~Jcar-s  a t  t,ltc  bour~dary,

II) order to stuciy  tllc dfcct  of tllc boul)da;y  corlditiorls
CIII tlw v i s c o u s  ir]stability,  w c  ~)lacc  L}IC outc]  boundary  at
I(out  ~ 51(.. Wc exi,cct  L}]e oscillatior18  t o  ar,r,car  irl t,llc
o(ltm. jmrl of L}]c disc (r > 3]/,,  ] ‘ai)a]oizoo  & Stamlcy 1986,
(Jku(la  CL al. 1992, Okuda  & Mil,c,sliigc 199J  ) ,  ‘J’I,c Mac},
r]t]lltl)cr  u, /cs is SIIOWII  for XII OCICJS  I and 2 ill  figures 2, at,
di(b CIA times, ‘1’l)c unit,  of t,irric  is tllc  dy]larrric  time.  A t
tl}r L)cgirlllirlg  of t}rc c,volutiolls, sr!lall  arnI>litudc  oscillatioris
1,1 (,l,ilgatc~’~outwra!cl  fwrrl  Ltlc illrlcr ~)arl  of t}m disc, duc to
L]w  rclaxatio~l of the ~rlodcls  (like in figure 1). Irl t)lc  o u t e r
iELIL of Ll!c clisc,  }Iigh amj,liLuc]c  oscillatiorrs  a~)r)car.  lrI rllodcl
1, tltt. amp]itudc  of tllc  oscillatio~ls decays orl a viscous tilL(c
s c a l e ,  llc)wcvcr,  irl lrlodcl  2 L}IC arliIJlitudc  of tlic  oscillat.io~ls
dc,cs r,ot cl,arigc  witl, ti,uc, At t 23900, the alu],htUC\C  of t,}]c
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o s c i l l a t i o n s  ill IJiocfcl  1 is km tlml  0.01 wllilc  irl  mocfcl  2 it
is still ]llorc llUUI  0.5.

1 1  w a s  all cacly Iwilttccl OoL by l’tq>aloiz.ou & Stmilcy
(198(;)  tl,at  Llw visc:ous  ilwLability w a s  foul,d  ill  the cm,tcxl
of local analysis  (Kato 1978 and }lluulc~ltllal  et al. 1984).  l]i
Lllc global analysis  of J)apaloizou  & Starllcy  (1 986)  Llic vis-
mus il)stal>ility is cxl)cctcd  lo appc!ar in t}]c outer’ Jmrl  of tllc
disc,  WIWJI LIIC outer  boundary is rwffcctivc. 11) L}lis  ca.sc  the
OSCilliltiOllS call ljc tral)l,ccl  bctwccli  tile outcl  I>oul]ckiry ard
tllc outcl edge of the i~l[icr cvancsccnt  rcgio~l. llowcvcr,  no
]Icn-rdlcclivc bourtdary  ccmditions WCYC imposed to actually
verify LIIC global  cfrcct,  of boundary conditions on tllc  insta-
bility.  in t},is work wc have protrcm  t~tcmcricallytl,at  rcffcclivc
bounclary co]lditiorls lcacf to oscillations, while rlorl-rcflcct,ivc
boundary co])clit,io]~s lcacl  to a stable disc, in which tl,e oscil-
lations clccay 011 a viscous time  scale. l’brlhcrmorc,  wc }Iavc
dcvclo~wd  a  Lrcatnlc[]t  f o r  Ilomrcflcctivc  boundary  co~ldi-
Lions for a I)olytroI)ic  flow, while for mom realistic flows, all
a~)]~mxirllat,ioll  is carlicd  out  iri LIIC AI)I>c~ldix.  ‘Jllis  work i s
aT) acfditiol]al Imoof thal local i n s t a b i l i t i e s  (auci  irt  fact ill-
st,alrilit,ics of a~ly  sosi,) ill accretion  d iscs ,  do  IIot csJ~cciallY
iu}]>]y tl)at  a disc w,ill Lc uIIsLablc  globally. l“or tt]c j~rcsc]lt
Case, Ltlc viscous i!wtability  in the disc will a~]pcar  if a ])llysi-
ial ] cflrxt,ivc outer bouridary  exists.  ‘1’his boulidary  cam bc,
fc]l C: XaIII])lC) a })igll cfcnsity  ]cgiol],  like a hi.gll  dmlsity s~riral
ar,,,s  (C~odon  1995)  fm ,ned Iy tlw t i d a l  inffucr,ce  of a ccJl,,-
])iillio]l  star (Savoriijc  ct al. 1994).
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AI’ I’ENI)IX A: NC) N-Itl’;FI,EC~’l Vll
1)0  UNI)AR% CX)NI)1TIONS FOIL  A GAS WITII
ILAI)IATION

II) t}iis a])pcucfix,  w c  tlcat  noll-rcfleclivc  boulidary  colicli-
tiorls for a gc~(cral flow irlcluclilig  gas ar]d r.acliatioll.

‘1’hc cquatiou  of state is

( A l )

‘1’lle  liomc,gcncous  systcni  or cquatiorm w}licl[  ~cr,]mctks  tlic
flow, can bc W,littcll:

Whclc

[H
P t].  p o 0

i :-
0, 1),

A=: o:,:o~
1’ 0 ~1’ o v,

al]d T is tl]c ratio of tllc sI~ccific lmat (1
~rlatrix  A  CaII bc diagcnializcd

S;,’  AS1, . .

wit,ll

[

PP

s}, : 0

0
0

arid

v, o 0 0.

0 U,+c.  oo
0 0 11, ()
0 0 0 t), - c,

(A2)

,

‘y = 1’]). ‘J’llc

I (A3)

P () p

c. () - c,

o @k, o ‘
pc: o pc;

.

-1/f3pc:

1,$;,1 ,= o 1 /2c, o 1 /2pc:

o 0 Jj&?c.  o
() - l/2c. o 1 /2pc: I

‘1’tw som]d s},ccd  i s  c: z 71’/p  arid  @ :- /2(7 - 1). }lcnvcvcr,
sirlcc t}le followitlg irwqoali(ics  I]olc]

611C l]m t o  Iirlcarizc tllc  cquaticnls.  ‘1’licrcforc,  v,,c  l e t  1’ =
lb + 61’,  p =- p. -1 6P, t,, = rr,  o + I$U,  arid 04 =- rJ4a  +
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Jut, ) W}ICIC (po, u,o, u~, ]b) are the stcacfy state so]utiolls
(for cxanl},le  tllc star,  darcl Sl,akura-Suuyacv  thin disc) awl
(c$p,  r$u,  , 15u+, 61’)  arc t},c l,cILurbatiolm,  for whicli tlm systcm
is solved. ‘1 ‘},c c}]aractcristim equations bccomc:

(ii)
(A5)

‘1 h slow c}tarackrkt  ics (i) & (ii) are incoming for u, <0
ald outgoi[ig  for u, > 0, (iii) is the fast  outgoir)g  charact-
eristics  aTId (iu) is t}w fast iucamillg  characteristics.  WIImI

Cj < U, < 0, OIIC  SOIVCS  Lhc systcru (i) = (i)~, (ii) = (ii)~,

~iii) = (iii)= al,cl (it)== (iu)=; while  wllcrl CS > u, >0, OIIC
solves (i) = (i)., (ii) = (ii)C, (iii) = - (iii)=  and (iu)  = (iu),.

‘1’lw dmvc  h catmclk was apJdicd to two-cfimeosiortal  ]mob
ler,,s a],d Iecl to nolbrcflccting  boundary  col,cfitiol,s (Godolt
&, Shaviv 1995).

‘1’llis  ImIWI lm bec]l  procloced  using t h e  l{oyal  ASLrO
rlo]llical Sc)cicty/1 hack well Scic]icc  IAC1),;X st,ylc file.
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